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Abstract
The open-loop crossover frequency is pointed as an important parameter for practical autopilot design. Since different gain designs may achieve
the same open-loop crossover frequency, it should be neither considered as a performance objective of the optimal autopilot design-schemes nor
neglected. Besides, the main assignment of the autopilot is to drive the missile to track the acceleration commands, so the autopilot gain design
should be evaluated directly according to the resultant tracking performance. For this purpose, an optimal design methodology of the three-loop
missile autopilot is introduced based on constraint optimization technique, where the tracking performance is established analytically as the design
objective and the open-loop crossover frequency is formed as inequality constraint function, both are manipulated in terms of stable characteristic
parameters of the autopilot closed-loop. The proposed technique is implemented with the assistance of a numerical optimization algorithm which
automatically adjusts the design parameters. Finally, numerical simulation results are provided to demonstrate the effectiveness and feasibility of
the proposed approach compared with that in some references.
© 2015 China Ordnance Society. Production and hosting by Elsevier B.V. All rights reserved.
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1. Introduction
The main mission of missile autopilot is to track the guid-
ance commands with a guaranteed level of system perfor-
mance. In order to successfully achieve this mission, the
performance characteristics of the autopilot must have a fast
response to intercept a maneuvering target and reasonable
robustness for system stability under the effect of un-modeled
dynamics and noise. Basically, the concept of open-loop trans-
fer function is the cornerstone of feedback control system
analysis, where the relative stability and the robustness can be
determined from analysis of the stability margins. However,
Ref. [1] shows that ignoring the value of open-loop crossover
frequency in the design procedure, even with good phase and
gain margins, will cause design instability for relatively innocu-
ous plant perturbations. In fact, this design may cause too high
crossover frequency, which indicates that the system may go
unstable when it is built and tested. Moreover, Ref. [2] con-
cludes that the concept of open-loop gain and phase margins is
not as useful realistically at high frequency design due to the
increase of model non-linearity, which leads to considerable
difference between the predicted gain and phase values and
their real values at high frequency. A common approach to
address this problem is by modifying the crossover frequency
value to make sure that the open-loop gain is below some
desired level at high frequencies. This value is set based on the
assumptions about the high-frequency modeling errors, some-
times based on test data, and often comes from hard-learned
experience. A classical “rule of thumb” that addressed this
value is introduced in Refs. [1,3]. As a result, the crossover
frequency is an important parameter in gain design process to
achieve good trade-off between fastness and robustness. Nev-
ertheless, in multi-loop autopilot design different gain combi-
nations could meet the same open-loop crossover frequency
with different flight performances.
Consequently, different methods and strategies have been
implemented by researchers in order to introduce the open-loop
frequency requirements into the autopilot design procedure.
From optimal design prospective, some methods are considered
as weight adjusted LQR technique for the objective of
minimum error between desired and actual open loop crossover
frequency [4–7]. Although it is possible to get the same
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crossover frequency for different gain designs, these techniques
take the prescribed crossover frequency as the design goal;
this scheme will not essentially guarantee an ideal autopilot.
Besides, it is based on initial guessing of weights which might
need to be carried out and repeated many times to adjust the
required initial performance. In a different way, the multi-
objective optimization technique is introduced in Ref. [8],
where both time and frequency performance design aspects are
combined into one objective function through multi-weight
technique. Even so, this method optimizes the autopilot to a
certain specified performance level with the challenge of objec-
tive’s weight adjustment. Moreover, Ref. [9] introduces a
dynamic inversion technique, which uses a constraint optimi-
zation algorithm to get the design parameters for the autopilot
system. However, this method is considered for a specified
controller structure with some assumptions and totally numeri-
cal procedure. In addition, the system stability is confirmed by
the inequality constraints on gain and phase margins and
minimum controller cycle, which may perform a hard optimi-
zation problem with some performance degradation.
Since the crossover dynamic itself cannot determine the total
performance of the autopilot, so it is necessary to find more
reasonable objective function for optimal autopilot gain design
so that an appropriate optimization technique can consider
directly the open-loop crossover frequency constraint and avoid
the burden of design weight adjustment. In this paper, an
optimal autopilot gain design is introduced based on constraint
optimization technique, where the tracking performance is set
as design objective and the open-loop crossover frequency as
design constraint. First, an analytical formula between the auto-
pilot gain and the stable characteristic parameters of the auto-
pilot closed loop is systematically derived. Then, the exact
open-loop crossover frequency constraint is established in a
form of analytical inequality. Moreover, the performance index
ISE of the autopilot tracking error is analytically formed as the
design objective [10–13]. Both the objective and the constraint
are manipulated in terms of the characteristic parameters.
Finally, a constrained optimization problem is constructed
and the optimal gain design is achieved for the corresponding
optimum design parameters with the assistance of an optimiza-
tion algorithm. This work is extended to numerical autopilot
design of a typical missile system using the proposed tech-
nique, and the results are compared with the design strategy of
Ref. [14].
2. Missile modeling and analytical gain formula
The classic three-loop missile autopilot [15,16], namely
Raytheon autopilot, depicted in Fig. 1, is the topology consid-
ered throughout this paper. Mathematically, the airframe trans-
fer function input is the fin deflection, and the output is the
achieved missile acceleration. The missile airframe dynamics
is determined by six-dimensional equations of forces and
moments acting on the missile body. The longitudinal missile
dynamics, using the small disturbance linearization assump-
tions, are given as
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where ϑ is the body pitch angle, θ is the trajectory angle, α is
the angle of attack, V is the missile velocity, δ is the fin
deflection, ay is the missile acceleration, and M M Mqα δ α, , , Z
and Zδ are the aerodynamics coefficients [3]. The missile
airframe transfer functions can be written as
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The Raytheon autopilot is composed of rate loop, synthetic-
stability loop and accelerometer feedback loop with feedback
Fig. 1. Raytheon three-loop autopilot.
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gains Kg, Kω and KA for each loop respectively. These gains
must be designed carefully to satisfy the desired performance.
The gain KDC is computed from the above three gains so that
the achieved acceleration will match the commanded accelera-
tion. Regarding Fig. 1, the closed-loop transfer function of the
three-loop autopilot is computed from the inner to the outer
loop through the following steps.
Rate loop transfer function is written as
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The transfer function of stable-synthetic loop with rate loop
is given as
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Then, the transfer function of the open forward loop is
written as
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Finally, the close-loop transfer function is given as
G s K
G s
G s
K K T s T s
s K T K
cl DC
DC
AF AF
( )=
( )
+ ( )
=
+ +( )
+ + +
3
3
1 1 2
2
3
3 1
1
1
2ζ ω α T s
K K T K T s K K
2
2
2
3 2 1 1 2 1
( )
+ + + +( ) + +ω αAF ( )
(4)
For a stable closed-loop, the characteristic polynomial of the
three-loop autopilot can be described by three positive param-
eters τ, ζ and ω with a real and a pair of conjugate complex
stable poles [3], where the desired close-loop transfer function
of the autopilot is written in the following form:
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The positive selection of the three parameters guarantees the
stability of the autopilot closed-loop. Moreover, the autopilot
performance is totally described by these design parameters. In
the following, an analytical formula between the autopilot gain
and the design parameters is derived by equating both transfer
functions (4) and (5) to obtain
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where the inverse matrix is well defined for applicable missile
parameters with the assumption that T1 ⪡ Tα and T2 ⪡ Tα.
Furthermore, regarding Eq. (3), the autopilot gains KA, Kω and
Kg can be calculated with analytical functions
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in terms of design parameters τ, ζ and ω. Furthermore, KDC is
computed from the above three gains as
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Based on Eqs. (5) and (7), the autopilot design is handled by
the parameters τ, ζ and ω to achieve the desired performance
requirements. For optimal gain design, these parameters are
tuned to the optimum of certain cost function. The tuning tech-
nique should be carried out under the system limitations, so the
crossover frequency constraint will be highlighted in the next
section.
3. Crossover frequency constraint function
For robust and adequate control properties, frequency
domain specifications are specified using the crossover fre-
quency and stability margins of the open-loop system. The
crossover frequency must be chosen to be high enough to
ensure a wide autopilot bandwidth but low enough to prevent
stability problems due to actuator, rate gyro and other
un-modeled dynamics. The limit of crossover frequency can be
determined by system stability requirements and fin actuator
performance. According to the classical “rule of thumb”, the
crossover frequency should be less than one-third of the actua-
tor bandwidth ωACT [1,3]. The open-loop transfer function of
the three-loop autopilot with loop broken right before the fin
actuator is expressed as
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The open loop magnitude ratio is written as
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For practical autopilot, the crossover frequency is beyond
the airframe fundamental dynamic frequency, i.e. ω ωAF ACT< .
Moreover, the magnitude trajectory of the open-loop transfer
function G sop( ) will cross the 0 dB line only once. At the
crossover frequency, the magnitude ratio is equal to one, i.e.
G jop CRω( ) =
2 1. Therefore crossover frequency constraint
should satisfy the following inequality:
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where ωCRd is the prescribed limitation of ωCR, that is, for any
gain combination K1, K2 and K3 satisfying Eq. (10), then the
corresponding ωCR will be ω ω ωCR CRd ACT≤ <1 3 . Referring
to Eqs. (6) and (10), the crossover frequency constraint function
is equivalently expressed in terms of τ, ζ, ω and ωCRd as
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4. Optimal autopilot gain design
The main objective of the autopilot system is to force the
missile to follow the steering commands developed by the guid-
ance system. According to Eqs. (5), (6) and (9), the positive
parameters τ, ζ and ω are tuned to minimize the integral error
criteria of the input–output of the autopilot closed-loop transfer
function:
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Integral of various functions of error between the reference
input and the controlled plant output is a powerful quantitative
measurement of the system performance.There are several kinds
of integral error criteria to describe the system performance [8].
Among them, the integral of the square of the error (ISE)
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is chosen as the command tracking performance index
of the autopilot with the consideration of obtaining its
analytical expression. Referring to Eq. (12), with partial
fraction expansion, the unit step response is expressed as
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By inverse Laplace transform, the unit step output response
in the time-domain is given as
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Therefore, the analytical objective function of ISE perfor-
mance index can be written as
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The value of the above ISE analytical formula is always a
real positive number due to complex conjugated relation in
Eq. (14). Then optimal autopilot gain design is stated in the
form of constrained optimization problem as
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This optimization problem is the core of the introduced
optimal technique, where the objective function J
ISE
τ ζ ω, ,( ) is
35M.A. ABD-ELATIF et al. /Defence Technology 12 (2016) 32–38
the performance evaluation scale and the constraint g(τ,ζ,ω) is
the performance limitation for practical design. The bounds of
design parameters are set to positive values to ensure the system
stability for the whole space of the cost function. Since the
crossover frequency cannot satisfy the total performance
requirements, it is needed to set a lower limit for the closed loop
damping parameter ζmin > 0, usually it is about 0.7. Referring
to Table 3, this limit shall guarantee a sufficient system
damping and phase margin. Particularly, the optimization
problem (Eq. 15) is a nonlinear constrained multi-variable opti-
mization problem. As expected, the function fmincon of the
MATLAB Optimization Toolbox can solve such kind of smooth
objective optimization problem well effectively with feasible
initial design parameters. Moreover, it converges to the same
minimum point even starting from different initial guesses. In
this line of thought, the optimal autopilot gains KA, Kω and Kg
are easily calculated by substituting the optimum parameters τ,
ζ and ω into Eqs. (7) and (8) without the need for design weight
adjustment.
5. Numerical analysis
In this section, numerical analysis is carried out to show
the effectiveness of the proposed optimal technique for
autopilot gain design. Data of a typical missile system [14],
listed in Table 1, are used for this purpose. Moreover, the
actuator is considered as a second-order dynamic system with
natural frequency ωACT rad/s= 220 and damping factor
ζACT = 0 65. . Let ωCRd rad/s= 50 be used as the upper
limitation to the open-loop crossover frequency, which
guarantees the open-loop system to have about 30° of the
phase margin after considering the phase lags caused by
autopilot’s hardware systems [14].
In the following, the numerical analysis is introduced
through two steps. In the first step, the proposed technique is
applied to introduce some analysis for the considered optimi-
zation problem, and the nature of its cost function also
emphasizes the achievement of required crossover frequency
for practical optimal design of autopilot system. Moreover, the
lower bound ζmin of damping factor is examined for proper
setting. In the second step, the introduced technique is com-
pared to another design strategy with the same crossover fre-
quency requirement.
First, the objective function (Eq. 14) of the optimization
problem (Eq. 15) is the performance evaluation scale and it
could be described as three-dimensional search space defined
by the design parameters τ, ζ and ω. This space is formed by
multi-surfaces for different values of ζ. Specifically, each par-
ticular point in this space corresponds to particular autopilot
gain combination with particular response based on the analyti-
cal equation (7). Fig. 2(a) exhibits the smooth objective space
for the specified region of the three design parameters without
applying the crossover frequency constraint. The objective
space after applying the crossover frequency constraint can be
observed in Fig. 2(b), where the unfitted portion is removed. In
both cases the optimization technique easily converges to the
minimum point. The optimal design of both cases, with and
without the crossover frequency constraint, is introduced in
Table 2. Clearly, the constraint design achieves the open-loop
crossover frequency within the constraint limit, while the
unconstrained autopilot design derives very high open-loop
crossover frequency which is compatible with the conclusion in
Ref. [1]. Furthermore, as listed in Table 3, for the constraint
case, the smallest value of objective ISE mostly belongs to the
surface of smaller value of ζ. As a result, the optimum perfor-
mances express degradation in phase margin and overshoot
Table 1
Typical missile aerodynamic data.
H/m V/(m·s−1) ωAF /(rad·s
−1) Mα/s−2 Mδ/s−2 Zα/s−1 Zδ/s−1
9150 914 15.49 240 204 1.17 0.239
(a) Without CRω constraint (b) With CRω constraint
Fig. 2. ISE objective search space of certain design parameters period. (a) Objective function space without ωCR constraint. (b) Objective function space after ωCR
constraint.
Table 2
Optimal design performance with and without constraint.
Without constraint With constraint
Bounds τmin .= 0 02
ζmax .= 0 9
ζmin .= 0 7
Optimal parameters τ = 0.02
ζ = 0.9
ω = 36.98
τ = 0.0584
ζ = 0.7
ω = 21.4
Objective J ISE 0.0789 0.1055
Settling time ts/s 0.151 0.2177
Overshoot, O.S./% 3.548 1.4
PM/(°) 71.82 72.6
ωCR /(rad·s−1) 118.75 50
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value even with good tracking performance. In order to achieve
sufficient system damping and phase margin, a prescribed
ζmin > 0 is set as the lower bound of damping factor ζ. The
results show that the bound ζmin .= 0 7 achieves a good com-
promise between system response and robustness with suffi-
cient phase margin, appropriate overshoot and settling time.
Second, the proposed technique is compared to the design
strategy of Ref. [14] for the three-loop autopilot design. This
strategy is keen on adjustment of the design parameters for
single objective of minimizing ω ωCR CRd− . Specifically, this
strategy is pole adjustment technique where the pole position is
described by τ, ζ and ω. Both τ and ζ are prescribed, while ω is
tuned to minimize the crossover frequency objective with
unclear relation between ω and ωCR. Likewise, the strategies in
Refs. [4–7] are LQR approach with weight adjustment proce-
dure for minimizing the same objective. On the other hand, the
proposed approach freely optimizes the whole three parameters
for minimum tracking objective that satisfies the crossover fre-
quency constraint.
To illustrate, the tracking performances of acceleration
command 5g are displayed in Fig. 3(a), and the numerical
comparison results are stated in Table 4. The simulation results
show that the proposed optimal design method derives much
better tracking performance than that in Ref. [14], even if the
open-loop crossover frequencies and phase margins in both
cases are almost the same. Moreover, the related fin deflections
are demonstrated in Fig. 3(b), where the exhibited elevator
deflections reach the same steady value since it is totally deter-
mined by the aerodynamic parameters and the flight velocity of
the missile. Besides, the slight larger elevator deflection and
deflection rate introduced by the proposed technique during
transient time serves as a payment for the faster response. Since
the role of the autopilot system is to drive the missile to track
the acceleration commands, so its tracking performance should
be the main point to evaluate the design quality within the
applicability dynamic constraints.
6. Conclusion
Optimal design technique is proposed for the three-loop
missile autopilot. The command tracking performance is estab-
lished as the design objective using the analytical form of the
integral square of the autopilot closed-loop tracking error.
Moreover, the design practicality and robustness are achieved
by an inequality constraint on the system open-loop crossover
Table 3
Constraint optimal design performance for different ζmin bound.
Bounds Optimal parameters Corresponding characteristics
ζmin τ/s ζ ω/(rad·s−1) ts/s O.S./% J ISE ωCR /(rad·s−1) PM/(°)
0.9 0.0618 0.9 17.06 0.3670 0.007 0.1274 50 77.4
0.8 0.0598 0.8 18.92 0.2843 0.285 0.1157 50 75.4
0.7 0.0584 0.7 21.40 0.2177 1.401 0.1055 50 72.6
0.6 0.0585 0.6 24.87 0.2486 3.389 0.0971 50 68.3
0.5 0.0618 0.5 29.83 0.2936 4.966 0.0910 50 61.3
0.4 0.0694 0.4 35.85 0.2724 4.578 0.0875 50 51.3
0.3 0.0765 0.33 39.90 0.2512 4.186 0.0868 50 42.8
(a) Acceleration response for 5g input (b) Corresponding fin deflection
Fig. 3. Performance comparison with different strategies. (a) Acceleration response for 5g input command. (b) The fin deflection response for 5g input command.
Table 4
Design performance comparison.
Proposed optimal
design
Desired ωCR
strategy
Design parameters τ = 0.065
ζ = 0.7
ω = 19.31
τ = 0.3
ζ = 0.7
ω = 26.8
Autopilot gains KA = 0 0094.
Kω = 12.01
Kg = 0.376
KDC = 1 117.
KA = 0 0025.
Kω = 15.5
Kg = 0.316
KDC = 1 436.
ωCR rad s⋅( )−1 50 50
PM/(°) 34.9 35.3
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frequency. Then a constrained optimization problem is con-
structed in terms of stable characteristic parameters of the
autopilot closed-loop. The optimum design parameters are
automatically achieved with the assistance of a numerical opti-
mization algorithm. Numerical simulations show that the pro-
posed method can provide a better tracking performance with
the required robustness level.
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